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Abstract

The first order relativistic lon optlcs of a
c¢ylindrical electrostatic analyzer are aeveloped in
section I and are conmpared w.th the theories of
Herzog and of Millet. The relativistic ion cptics
for crossed eslectric and nmagnetic flelds are

devoloped in section II, The application of these

results to the Notre Dame analyzer 1s presented in

section I1I.




INTRODICRION

A 9C° cylindrical electrostatic analyzer for electrons has
been in cperation at this laboratory for s few years and has been

used in the measurement of the photodlsintegration thresholds of

;hA Deuterium and Beryllium by Noyes, Van Hoomissen, liiller and
Waldmen (1) und in the measurement of the Bal37 iine by S. X,
Bhattacherjee (2).

The theory of cylindrical analyzers using crossed electric
and nagnetic flelds has been adequately reviewed by Bainbridge (3).
Jo shall refer in particular to the works of Herzog (4) and

N31llet (5). Herzog considered the non-relativistic ion optics

of eylindrical analyzers where both the source and the detector
were located outside the region of the flelds., Millet considered

the relativiatic cass where both source and detector are within

the region of the flelds,

The purpose of thils report is toc develop 1n section 1 the

first order relativistlc lon optics for an electrostatic anilyzer
following; the method and notation, where feasible, of lerzog., The
results wvill be compared with those of Millet. Since our analyzer
has a very small magnetic field (whnse effect is not quite negslipible)
in section II we shall develop the relativistic ion optics fo-»
crossed elesctric and magnetic flelds using the results of iI'ille t

and apply this to our analyzer in .oction III,

I. ELECTROS'ATIC FIELD
A. Initlel Conditions at Entrance -0 Field
Eafer to Figure 1. The elect ms leave the source S in g

s 1 -t
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fleZ free Region I, enter the fleld Region III, and finally

energe into the field free Reglon II1. In Region I the coordinate
system is indicated by a single prime while in Region II it is

o ?54

indicated by a double prime. The coordinate x!' is positive to

T
Rk
.

the left from the entrance to the fleld 0O' while x" i1s positive
to the right from the exit from the field O",
In Region I the velocity of the electrons is

| o= (1 teE) 1
where & << | and where /S, = 8, C 1is the velocity which an electron
mist have to follow the mean line trajectory ./~ = @& in Region III,
That is, ~J; s given by

, m,
‘ - a.

= @.Eo 2

where /m, 1s the mean line mass* i,e., the mass of an electron

which would follow the mean line trajectory, and £, is the

field strength at ~~ = A where the potential is zero, Equation 2
can be expressed in terms of the ldnetic energy |, and the rest
energy R of the electron,

E*QR)[ "‘"’E
T"-(To ¥

+-R @ = 28

The fleld strength 1s related to the difference of potentiial A

between the cylindrical plates of radil -7} and 7

.
é-o"qgﬁ'fxc

#The rest mass of' tho olectron docs not appear in the following
discussion.
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For the usual case in which the spacing between the plates c‘
is small compared to the arithmetic mean radius the logarithm
term can be expanded. To a sufficlent accuracy the geomctric

mean radius . and the arithmetic mean radius are equal., The

final expre ssion 1s

. To (T+2R) d

Since the potential is zero only at -~ = a, an electron entering

Region III at A~ = a.ﬂ-g, will be changed in energy dus to the
presence of the electric field.
: "-Lf'g,
1 1 L]
Mg © = W C :-e} EM:—J,E.Q
[

since g‘ & a4 « In view of Eq. 2 this becomes

P o 1 i Al Sl g SRR TTAETET ] M g
oS TR BT A R PN

5

* 3.
/n'zm-d = M - M R %...

This nay be expressed in terms of the mean line mass by use
of Eq. o i .

| A
N = fmoii"v G-«—QL.»-;N:\..,.

m { -~ po

¢
3
oy
~
fe

or
i’ ‘0 A it
R R R e e O } ‘ 4
Similarly the velocity at tho beginning of Reglon IIIL way be

expressed in terms of the mean line velocity,

. 5
R = /z{i ;o & - -.%Jw(fw 3.4)
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B. Iquations of liotion

VWlthin the region of the electric fiold the equations of

motion are

d »] = - E
L. (M A = A - e
aﬁ'( ) ¢ 6a
d 2 o) —
felmd) = o -
F(me) = - EA o
where
F = A L _ A
A, Y 4
b ity
Eq. 6b can be lntegrated lmmediately.
M A Y = C 8
Then Lq. 6 can be fewritten as functions of A, /;" and
d - _ C cA_ QA A4 _ :
ax S miapl - MMT met AT ‘E(//./ 7. /m) 9a
£ ) 7
4d + = A = f, (”’} b
T ) 9
J - =LA ..i- - ‘ ( ‘~
== <t o~ = .‘-3 T ”) 9

C. Approximate Equations of llotion
Following Herzog the assumptlon is made that in Region III
all electrons travel in neariy circular orbits. That is, the

valuos of all variables will differ only a littls rrom the

mean line valuos




S

A = a + Z" 108
) ‘v = =
-~ = 0 T ™ 10b
- _ z
g‘ wm = M, + 3 10¢
&
5 where the Z's are so small that Z can be rieglected conpared to & ,
Then the equations of motion, Lg. 9, in terms «~f the Z 's become
= é‘(a_z‘:‘ﬁ{(af ?,),(01-31),(/»101-23){
- 1la
U Zc 'Fz f( ") 1llb
) e g
£z = hBl(arz), (ora)

These equations are now expanded in Taylor series and only terms

of first order in the Z 's are retained.

4.z .ﬁ-.f(a,a, mzo)r?j(-g-;t-) + 7, %)r?;(’%)

Rl X &

2 = f(e0)r 2 (3, ~ 2(33).

where, as usual, the subscript zero refers to the mean line
trajoctory. In order to evaluate these coefficlents it 1is

necessary to evaluate the constant C of Eq. 8,

T . :
C: - A szﬂﬂm/&/‘ﬁz

T — — —————— e o e T T —— -

12a

12b

12¢



which from Eqs. 4 and S 1s

C= {H-é”' -p_i_} (l?'_:'L} {'*6"4‘('-/%)f13

3
o R

ZE Y

7 GRS

e &
= "M a i—/ S
-4 C 0 L S F‘P.t]
: After evaluating the conefficlents of Eq. 12 the anproximate
: equations of motion become
* 2 b 1
f—rizil:!.. €. - 2% 2 -~ 2, l4a
/"po @ /’noa.
% 2 = Z 14b
.
= ~-m
5:";“ 2 = - _:CT@e. 2, e
i The initial conditions at edge of field where € = O are
3 g ')c.' - y'
'\ LA ’
|2 e X = -
; Z‘)C = = Vm A o & 15
? 3 /e — B, -8 a
{
! Using the method of the Larflace Transform the solution of Eq. 14
can be shown to be
. 2 = af -2 i K2 +8(1- s Kb r )+l.<.¢urv
! ) X a & 16a
t
=K mh’fv +.smuof-_:umx~,t] 16b
K a & o a
Z = /m‘p_[-—-mlfﬂt + & cos B2 - 1.,,.4x~s_z«] 16¢
a

L W TR TR TSRS
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where 'K" = 2 - ‘3:

A and & = & ;':";.5:..) s soretinos called the dispersiqp coefficlient.
The independent variable may bo changgd from T to LP b:y a.pplying
Eqs. 10 ana 1§ to lqg. 8

2 2 PR a 1~ B}

e e -

ﬁa wﬂ‘" [/ 17

fellowing Herzop, we rotain only the zero order, viz:

p= et

Q.

Thus at the Reglon III - Reglon II boundary (7“2 ©) the solution

for ¢ = <{> is
B R R e e R T Y A
- ¥ S

LY} -
The anple of euiergonce &4 is jiven by
7 ? .
d::-.(‘) N T R L T .
ey L ‘e KD + 3K aan . £ dan 10
£ - 4 A i k K? =) el 4‘

it should e noted that these egiations are of the sane Torm
ag the non-rc¢letivistic solutlion of Herzos: axeedrt for tie revised
definicions of ¢ and K . lLilllet obtains a similer relativistic

golntion Tor & pure slsctrostailec [ield {(Lillet's :f @t e Alber

exprogsing (illlet's sclution in our notation his kg. 16 is

’

, . X {1:16)

wiguations L2s, and b of lierzop and 33 and 64 of Bainbridpe.

'U“?:,"JE‘.MT": J«L!ﬁﬁ%p‘.‘:‘.‘&‘v’l':’:m.a G 2
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subject to the initial conditions that Y, = © and S =o .

If one solves llillet's equation of motion subject to the conditions
that (d‘x.obut & = O one obtains (1n our notation)

g

w Z.:a[--%:,@;“X«P "‘-%j—c-o-t?(‘f’] (M161)

D. Ion Optics

Since the solution of the relativistic problem is of the same
form as Herzog's non-relativistic solution one can develop the
focussing conditions exactly as he did. The equation of the

trajectory in Region II is
/] - 1z ]
y'= Y, +ax
or ro-
§'=a[-gamtf v Sl-woxd) ¢ Lo g ]

g g

5 ” : 20
"’X[-« cr 0 + SN g X ~ X 4in, Ké]
' By referring to Figure 1, g‘ can be expressed in terms of o’
and the coordinates (,f") L' ) of the source S.
Then Eq. 20 becomes
" I_‘ 74 ‘P,
4= L--)%-chf —-/mﬂ'é*-n; (-co—n(c} r . x%}]
+ & [a. (1- mxcf)) + x'K MK§]
- L[%—Z{MK{ —c_r&?(é] e

P, PIAEIE S0, PR e R

]
&
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For some value of Ax” = ,P Eq. 22 can be made independent of o

by setting the coefficient of o’ equal to zero,
4 g
Aceand +-dn X

x'z= 0" = 23

Jf@é’-"—mxé—w’fé

At this value of x" all trajectories (for rixed & and rixea b’)
intersect to form an image. The value of g” at x"s " will ve called
bY. Eq. 25 can be manipulated into the stendard Newtonian lens

equation. a
Py . “ —
(/?"3)(J —3) = F 24
where
Fevt =
3 B A S x_i‘ = focal length
2 3 - F cCod X é = coordinates of focal points.

I SO A,

I1f one defines the magnification (lateral) in the ususl optical

M:—-i::—;: ---'-{-:.--— 25
& £'-3)

then Eq. 22 can be expressed in a more convenient form.

b = (1= Mla + b M 08

sense

If & source of mean iine energy ( d =20) is located at (J’, 0)
the image is located at (,?”, 0). If an extended source (again $=0)

TN VR A e e e = g .
\ B - ST A 5 G ... SN - I — E e
i e PO s o At 2% o e . = . ] - )
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of width b, is located 1n tho object plane the 1lnage 3s of width
,M‘ b’ (i 1s negativoe for a real image). A point source located
at (£, 0) with & i O will be iuaged at (£ b*) where b” 1s

given by

b“: SQ(I—M)

7
. /
If this is an extended source of width b the slze of the image
’ ”"
is given by IMI b and its lateral disnlacement 1t b .
E. Dispersion
"
The quantity b 1s related to the velocity dispersicH Dv
defined as b"
Do, = { dar)
\ A7)
where 4/\1" 1s the velocity increment. In our case thlis beco. es
D = Sal(/-M)
“r
€
or
D = (I = /‘1) Q o8
-

I - B¢

For the case of unit magnification ( M = ~/) this apgrees with the
rcsults of liillet.

The onorgy disnersion coeffliclent DT can be defined in

terms of the fractional change in .kinetic energy.

Now ( T )




= ..

R e e

SR Ly

and using Eq. 27

Dy =(=58)( - M)~ .

In practice the spread in energy passed Ly the analyzer
is 1imitod by slits of total width W ‘ana W centered on the
nean line trajectory and located in the object plane and image
plane vospéctivelj. The {ractional change in cnergy neccssarry
to displace latersa Llj the image from the center of W comp‘letely
boyond the slit W can bte found by use of Lg. 29.

D, (4] ¥ - ¥

since ii 18 negative for a real image.

This becones

47 _ w‘ﬁ-Mw’( 7.+ aR]
v/

- 30
IA 2a (1 —=M)
Frequently the sllt wldths are adjusted to be in the ratic of
the nagnification. Then
: i
A W 7.+ 2R -

IA af1-M) Tor R
It should bc notecd that cl I 1s tho enerry increnent necded to
displaco the image in one direction. Tho total spread in energy
»

is dll. 'The quantity (-'!7-:'-‘) or 1ts reciprocal is sorictimes
L]

calied the eneorgy resolutlon.

T St e VAL ALIW e A B




II. INAGNLTIC 1ELD
Our analyzer has a small magnetic fleld between the plates.
Only the component normal to the plane of the orblit is of interest
t ) since the component in the plane will merely tend to deflect the
olectrons out of the electric field. As mentioned above, ilillet
has solved the probLlem foi a relativistic lon whose complete
trajectory is within the confines of such crossed flelds. His
solution for an ion of mean line enorgy (& = O) sterting at O

in the field 1s, in our notatlon,

’

' K (Mis) 32

. where X is now given by
! N —q.; ( I - ‘l.)
| - x*= 1+ [ a‘g)‘ e 35

and Q, is the radius of curvature of the path if only the

electric field acted on the ion. Note that (%‘) is the ratilo
of the force due to the electric field to the centrifugal force,
This ratio is called j by l.iillet., It was shown abeove that i1f one
easunes that the lon starts with an initial radlal displacemnent y,

the solution is

(1161) 34

';:a[**?‘““‘”'x? -r—.é:—u-«x‘?]

1111let further shows that an lon starting at O' in a direction
along the mean line trajectory (R’:Q) but with a veloclity !U;(,' . 5.-)

w11l Le disnlaced 'rom the mean line trajectory a dlstance

- 12 -

e ———
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Ve redefine £ similar to llergzog's definition
(4
s “7'?"7:"‘99{'*(%)(""«»')} =

which includes the previous definition (Eq. 16) for a pure

"

olecctrostatic field. Then Iii1llet's LEq. M27 can be written

Z:ga,(,'-mh‘if) (rig7v) a7

’

The general solution for an lon entering the fleld with incorrect

energy 1s glven by the superposition of Eg. 116! and Eq. 1127°.

Z= a['%MK?rS(lwmxﬁf%&ﬁwa -

whore

K= 1o (&)= 0)
sxt s T {1 (R0

Of course, the mean line conditions are no longer given by

and

Eqe. 2. Instead ons has

a \ _ e &
Ta, ) T (ﬂr_q.é‘:s.‘) -
. fe o,
end | - —5.:): = 2y 39b
Y

In this last equation the nomentum can be expressed in terms of
the megnetic rigidity [H (’.]and therefore

'__(a) H a
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Clearly, the pure electrostatic case is given by
(=) =
Th%i%gjég?;ion of /4 is such that if it increases n", (’é%:) is
gcreater than unilty,
Since lLq. 38 is of the same form as lg. 16 or 18, all of

the ion optics formulas are valld provided one interprets X and

& 1in the light of Lgs. 33 and 36.

III. MAGNLTIC FIELD CORRECTION

In our analyzer the magnetic fleld is a function of ¥ .
There 1s also a mametlic fleld, malnly that of the earth, in
ilegion I and Region II. ipure 2a 1s a plot of the vertical
corponent of the magnetic field over the entire regicn, while
Figure 2b is a plot of the average value of the magnetic field,

Conslder first the section of the analyzer (A) between
0° end 55°, This acts like a 55° analyzer with crossed flelds
in which E; is constant and 4 has an average value of 0,125
gauss. lilectrons which have an energy such that the pure
electrostatic mean line ccndition of Eq. 2 is satisfied will
not have the mean line energy required by Eq. 39. Consequently
these elcctrons have a non-zero ¢ and & which can be found
from Eqs. 2, 3 and 4.

kS \
et e 83 (e

But by bkq. 39

. _ (o) m, ot
< £, = (o) e
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and therefore

...5-_ - / (_9'. - ()
"""pa“ z’p"‘

o

From the definition of & (Lq. 36)

gt o (BTl {, (&) (-, .

A A 1 - FU\

Since H is vory suall (‘%..‘) is veory nearly unity. To a sufficient
accuracy kq. 41 may be replaced by
L I ,}
== Qx 1A
2 - B,
0T course, the value of @b corresponds to the mean line energy
which 1s not the energy of thoe electrons belng considered. Since

kS
(2 - @.. ) is not very energy dependent no appreciable error is

made in using the value for the actual electrons.

PN D

In the section of the analyzer (B) between 55° and 90° where

e

"

the avérage field 18 0.200 gauss in the opposite direction these
same electrons will have a differeat & s (actually of opposite

b

sipn since M is reversed).
In order tc locate the final lmage we consider section A
”.
as & lens which forms an image of S at ‘?A displaced from the
Ll ~ '
optic axis an amount b, = 6&(" na) @ ., This image is the
. ' (L4
virtual ctject for the second lens B sy leo-, ,Oe = - .,?A .
This object fos lens B has a lateral dlsplacement b, = b ‘

8 A
as well as a 86 gilven by




(?x_c.____ T — S S P NN

- 16 -
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(&)
5, =15 >

“

n g
The image formed by lens B is at XB and is actually very close
to the image plane 'or a mMure 90Y electrostatic analyzer. Its
displacement from the mean line trajectory 1s
’
) M B +- 5 /}.. M \ Q
= a8 G/
b, 8 "8 ‘ 44

MBSA('-M,\)Q & SB\("-MG)Q

)

In order to clarlify the above analys s we consider the lens
diagram for a pure 90° glectrostatic analyzer in Fipure 3 and
the lens dlagrams for the actual analyser in Fipure 4a and

-~z

Pigure 4b. The values of all the constants are tabulated in
Table I. These have been computed for electrons of energy £.231
liov and for the actual source distance of 30 inches.

The effect of the magnetic field H«; in Region I can be

appreciated very easily by realizing that the electrons follow

[#. ¢.]
A
seocm to be emerging fram a virtual source displaced from the

& circular path of radius between S and O and at O
nean line trajectory. Llenentary considerstion shows that this

displacament is glven by . &
! . j H

b = T [AR]

Tlms, due to Hc the image of ,S formed by the analyzer 1s further

displaced an amount

AT AT T R RN 7 W 5 P B e et
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e o gt v et Lo v read

Pure N Actbual ——
Electrostatic Zectlion A _ Secticv o
( —2—5: ) 1,00000 1.600847 C,90002 4
o= nooarst | a.0seee
X 1.01'7206“~ '''''''' 1.017235 1.0172C),
£ (m)m.zs.sos - 28,479 40,583
g (en) | --8379 15,947 o Te.O56
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In like fashlon the fleld /‘/D in the first part (p) of Rogion II

displaces the image an aniount
"

-1 by

2 46

[H.e] 2

and the fiold /4, in tho second part (q) of Reglon II displaces

the image an amount

b” L A H e a7

The total displacement of the image is the sum of Lqgs. 44, 45,

46, and 47 .
b" bf-f) 1-‘:,_,*‘6;

= Pg

,,[‘1)[\10.1-5(! s)a.#'

’

= &1 {!HM*P" b "l Mt 48

In order to center this image on the axis the energy of the
electrons weuld have to bo changed an amount o pilven by the
energy dispersion coefficient (Eq. 29). Conversely, the
deterriination of an unkncwn energy by use of lg. 2 rmust be

corrocted by the samne enmount JT
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In Toble II tho magnaetic displacouent (eq. 48) has been

evaluated for the cases of the photo-threshelds of deuteriun and

berylliunm and the converslcn clectron energy of Bel

vy

‘e 'The

disperslon coefficient has becen evaluated from sq. 29 lLor an

/
object distance /P of 30 inches. T directlions of the magnetlc

fields are such that o7 1s to be subtracied from the energy

evaluated {rom 6Q. 2.

snergy

Table 11
Z AT

T b D, 4r AT

o O
Mev ) (inches ) (inches) . (1'ev)
2,231 &7 x 1079 35.8 1,6 x 1079 3.5 x 10°3
1.664 O x 109 34,1 2,1 x 1079 3.4 x 10™3
0.624 120 x 10-° 7.5 4.4 x 10-3 2.8 x 10™3

Throughout the above analysis only first order terms have

been retalned.

This imposes limitations on a(land & which are

nct too severe in the practical case of large object distance

and good resolutlen.

It shculd be noted that due to the slight energy dependence of X

the object distence and the dispersicn coefficients are functlons of

energyo.

the 31its must be adjusted.

Thus for a nusjor shift in energy the position and width of

- ——
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